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TOEPLITZ OPERATORS ON DOUBLING FOCK SPACES 


ROC OLIVER AND DANIEL PASCUAS 


Abstract. We study Toeplitz operator theory on the doubling Fock spaces, 
which are Fock spaces whose exponential weight is associated to a subharmonic 
function with doubling Riesz measure. Namely, we characterize the bounded¬ 
ness, compactness and membership in the Schatten class of Toeplitz operators on 
doubling Fock spaces whose symbol is a positive Radon measure. 


1. Introduction 

During the last decades many authors have contributed to develop an operator 
theory on the classical Fock spaces (see the recent book [24] for an account of that 
theory). We are interested in a more general setting of Fock spaces, the doubling 
Fock spaces, which we are going to introduce. Denote by dA the Lebesgue area 
measure on the complex plane C, and let "H(C) be the space of entire functions. 
Let 0 be a subharmonic function on C. Then A0 is a locally finite positive Borel 
measure. From now on we suppose that A0 is a doubling measure. For 0 < p < oo, 
let := L^( C) be the space of all measurable functions / on C such that 

Wf\\ P p,t := [ \ f( z ) e ~ Hz) \ P dA ( z ) < 

J c 

and 

= £“(C) := j/ meas.: WfW^ := esssup \f{z)e~^ z) \ < oo j . 

It is clear that = L P (C, e^dA), for 0 < p < oo. Moreover, (L^, || • || p(f) ) is a 
Banach space for 1 < p < oo, and a quasi-Banach space for 0 < p < 1. The doubling 
Fock spaces F p are defined to be 

K := H(C) n l; (0 <p< oo). 

Recall that for 0(z) = | \z\ 2 , where a > 0, one obtains the classical Fock spaces. 
Moreover, if 0 is a subharmonic function on C such that A0 is comparable to the 
Lebesgue measure dA, then A0 is a doubling measure. But there are subharmonic 
functions 0 on C such that A0 is a doubling measure which is not comparable to dA, 
for example, any subharmonic non-harmonic polynomial on C with degree greater 
than 2. 
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As far as we know, the first work dealing with such spaces is the seminal paper [11] 
by N. Marco, X. Massaneda and J. Ortega-Cerda, where the authors characterized 
the interpolating and sampling sequences for the doubling Fock spaces by extending 
the corresponding characterizations due to J. Ortega-Cerda and K. Seip for the case 
that A cj) is comparable to the Lebesgue measure (see [13]). Moreover, in doing so 
they proved a large amount of technical properties of the doubling Fock spaces. 
Furthermore, J. Marzo and J. Ortega-Cerda completed the previous work in their 
interesting paper [12] by showing quite sharp pointwise estimates of the Bergman 
kernel associated to these spaces. 

The goal of this article is to apply all this technical machinery to study the theory 
of Toeplitz operators acting on the doubling Fock spaces. But previously we obtain 
some complementary results such as the complex interpolation and the duality of 
these spaces. Namely, we completely characterize the boundedness, compactness 
and membership in the Schatten class of the Toeplitz operators on the doubling 
Fock spaces whose symbol is a positive locally finite Borel measure. In doing so we 
prove characterizations of the so-called Carleson measures and vanishing Carleson 
measures associated to these spaces. All the above characterizations are in terms 
of the Berezin and average transforms of the symbol measure. Our results extend 
to the setting of the doubling Fock spaces previous known results for the classical 
Fock spaces (see [24]) and the case that A0 is comparable to the Lebesgue measure 
(see [6, 22, 17]). For similar results in the setting of the Bergman spaces on the unit 
disk see [1, 2], 

The paper is organized as follows. In the next section we will fix the notation and 
introduce some technical but useful properties of our Fock spaces. Section 3 deals 
with the Bergman projection on the doubling Fock spaces and its interesting con¬ 
sequences, which are the duality and the complex interpolation of these spaces. In 
Section 4 we characterize the so-called Fock-Carleson measures and vanishing Fock- 
Carleson measures. In Section 5 we introduce the Toeplitz operators on the doubling 
Fock spaces whose symbols are locally finite positive Borel measures, and we char¬ 
acterize their boundedness and compactness in terms of their symbols. Finally, a 
complete description of the membership in the Schatten class of those Toeplitz op¬ 
erators is given in Section 6, which is the last section of the paper and the one that 
contains the more elaborate proofs of the paper. 

Finally a word about notation. We write either / g or g > / whenever there 
is a positive constant C, independent of the variables involved, such that / < Cg , 
and f — g if both / < g and g < / hold. 


2. Basic Properties 

As usual, we denote by D(z,r ) the open disk in C of center z G C and radius 
r > 0. A positive Borel measure p on C is called doubling if there exists a constant 
C > 1 such that 

(2.1) 0 < n(D(z,2r)) < C/o(D(z,r )) < oo, for every z G C and r > 0. 

The smallest constant C > 1 satisfying (2.1) is called the doubling constant for /i 
and is denoted by C M . Note that then g,(D(z,2r)) > cfi(D(z,r)), for every z £ C 
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and r > 0, where c=l + (7 3 >l, and therefore 

(2.2) lim p(D(z,r)) = oo, for every z £ C. 

r—>• oo 

Moreover, it is well known that p has no mass on any circle (see [20, p. 40]), and, 
in particular, p has no atoms, that is, 

(2.3) n(dD(z,r )) = p({z}) = 0, for every z £ C and r > 0. 

An important and useful estimate for doubling measures is the following result 
due to M. Christ: 


Lemma 2.1 ([3, Lemma 2.1]). Let p be a doubling measure on C. Then there are 
constants C > 1 and 0 < <5 < 1, which only depend on C^, such that if D and D' 
are open disks of radii r and r', respectively, such that D n D' 0 and r' < r, then 

C- 1 ^'/r) 1 ' 5 pl(D) < p(D') < C(r'/r) s p(D). 


Let 0 be a subharmonic function on C such that p = Acf is a doubling measure. 
Then p satisfies (2.2) and (2.3) so the map r £ (0, oo) H- p(D(z,r)) £ (0, oo) is a 
strictly increasing homeomorphism. In particular, for every z £ C there is a unique 
radius p(z) = p^z) > 0 such that p(D(z, p(z))) = 1. Note that, for z,w £ C, we 
have that D(z, p(z)) C D(w, p(z) + \z — w|), so 1 < p(D(w, p(z) + \z — w|)), and 
therefore p(w) < p(z) + \z — w\. By symmetry it follows that 


(2.4) 


| p(w) — p(z )| < \z — w\, for every z,w £ C. 


The function p~ 2 can be considered as a regularization of the measure A</>. Indeed, 
there exist if £ C°°(C) and a constant C > 0 such that \<j> — if \ < C, (Aif) d A is a 
doubling measure and 


Aif ~ 



1 



Due to that fact, the space does not change if 0 is replaced by if, so from now 
on we will assume that (f £ C°°( C) and Acf ~ 1/p 2 - For this reason, we will use 
sometimes the notation da := d A/p 2 . See [11] for all that. 

Let D r (z ) := D(z,rp(z )) and D{z) := D l (z) = D(z,p(z)), for z £ C and r > 0. 
We also use the following notations: D r (z) c := C \D r \z) and D(z,r) c := C \D(z,r). 
As a consequence of (2.4) and Lemma 2.1 we obtain the following useful estimate: 


Lemma 2.2. For every r > 0 there is a constant c r > 1, depending only on r and 
the doubling constant for Acf, such that 

(2.5) cf 1 p(z) < p(w) < c r p(z), for every z £ C and w £ D r ( z ). 

Namely, c r = (1 — r ) -1 , for every 0 < r < 1. 

Proof. Observe that (2.4) shows that 

(1 — r)p(z) < p(w) < (1 + r)p(z), for every z £ C and w £ D r (z). 

Therefore c r = (1 — r) -1 satisfies (2.5), for every 0 < r < 1, and we only have to 
prove the first estimate of (2.5) for r > 1 and w £ D r (z ) such that p(w) < p(z). In 
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this case, we may apply Lemma 2.1 to the doubling measure p = A0 and the disks 
D = D r (z ) and D' = D(z), so we get 

n(D r (z))<Cri, 

where C > 1 and 5 G (0,1) are constants depending only on Then another 
application of Lemma 2.1 to the disks D = D r (z ) and D' = D(w) shows that 


1 < C 


pH Y ( pH 


rp(z) 


p(D r (z)) < C 2 rs- 


P( z ) 


and the proof is complete. 


□ 


The behavior of p outside the disks D(z) also follows from Lemma 2.1 as M. Christ 
proved: 

Lemma 2.3 ([3, Lemma 3.3]). There is a constant S G (0,1), depending only on 
the doubling constant for A (j), such that 

11—<5 _/ \«S 


and 


P( z ) 


pH 


< \z - 


z — w\ 


>H 


(z G C, w G D(z ) c ) 


< L~ - 


w\ 


11—5 


p(z) s (z e C,w e D(z) c ). 


We continue with a useful and well-known result that is widely used in many 
situations throughout this work. 

Lemma 2.4 ([11, Lemma 19(a)]). Let 0 < p < oo. For any r > 0 there exists a 
constant C > 0 such that, for any f G TL{ C) and z G C, 


\f{z)e~+W\ P <C \f{w)e~ (t>iw) \ 


'Dr(z) 


dA(tc) 

p[w) 2 


It is a direct consequence of Lemma 2.4 and (2.5) that, for any 0 < p < oo, we 
have 

000 ) 

(2 ' 6) 0ec ,/eFJ). 

This pointwise estimate implies that (F^, || • || ^) is a Banach space for 1 < p < oo, 
and a quasi-Banach space for 0 < p < 1. Another consequence is that, for any 
z G C, the pointwise evaluation / ha f(z) is a bounded linear functional on Fff In 
particular, F 2 is a reproducing kernel Hilbert space: there exists a unique function 
K z in F 2 such that f(z) = (/, K z )^, for every / G F 2 , where 


(2.7) 


(. f,g)<j>'-= / f( w )g( w )e 2 ^dA(w) 


is the inner product in L^. In particular, K z (w ) = (K Z ,K W )^ = K w (z), for every 
z,w E C. The function K z is called the reproducing kernel or Bergman kernel for 
F 2 at z G C. 

First, we recall the L^-norm estimate of the Bergman kernels (see [12, Prop. 2.10]): 


( 2 . 8 ) 


\K, 


12,0 


e 0O) 

p(z) 


{z G C). 
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In order to state the pointwise estimates of the Bergman kernels it is convenient 
to consider the distance d^ induced by the metric p~ 2 (z) d z <E) d z. Namely, for any 
z,w E C, 

dt, 


d</>(^, w) := inf / |'/(t)| 


Jo 


p( n/(t)Y 


where 7 runs on the piecewise C 1 curves 7 : [0,1] —* C with 7 ( 0 ) = z and 7 ( 1 ) = w. 
This distance satisfies the following estimates: 

Lemma 2.5 ([11, Lemma 4]). For every r > 0 there is a constant c r > 1 such that 


(2.9) 
and 

( 2 . 10 ) 


-1 


z — w 


p{z) 


< d ^(z, w) < c r 


z — w\ 


p{z) 


(z E C, w E D r (z )) 


_ 1 / \z — w\ 


p(z) 


< d 4 ,( 2 , w) < c r 


z — w I 

p(z) 


1/S 


(zE C,wE D r (z ) c ), 


where 5 E (0,1) is the constant in Lemma 2.3. 

Now we can state the pointwise estimates of the Bergman kernel. 

Theorem 2.6 ([12, Theorem 1.1, (3) and Proposition 2.11]). There exist constants 
C > 0 and e > 0 (depending only on the doubling constant for A (f>) such that 

1 p<M2)+<X«l) 


( 2 . 11 ) 


\K z {w)\<C- 


P(^)p(l^)exp(d (/) (z,u;) £ ) , 
Moreover , there is r 0 > 0 such that 

p <t>(z)+<j>(w) 

( 2 - 12 ) ... """ 


\K z {w)\ — \\K z \\ 2A ||A",,,11 2 — 


for any z,w E C. 


(z 6 C,w 6 D ro (z)). 


p(z)p{w) ’ 

The following two lemmas are very useful to prove the L[’-norm estimates of the 
Bergman kernels. 

Lemma 2.7. For every £ > 0, k > 0 and r > 1 there is a constant C ei k{f) > 0 such 
that 

r \ii) z I ^ 

/ - (A lei - C eA r ) Ptrf’ f° T eVer y 

J D r( z y exp (d^(w, z) e ) 

Moreover, C e: k(r) —> 0, as r -E 00 , for any e > 0 and k > 0. 

Lemma 2.7 is easily proved by following the proof of [12, Lemma 2.7]. 

Lemma 2.8. 

(a) For every r > 1 there is a constant C(r) >0 such that 

f \K z (w)e~^ w ' > \ dA^w) < C{r)e^ z \ for every z E C, 

JD r (z) c 

and C(r) —> 0, as r —» 00 . 

(b) There exists a constant C > 0 such that 


| K z (w)e ‘^l d24(ta) < Ce+W, for every z E C. 
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Proof. 

(a) By (2.11) there is e > 0 such that 



e -^)| dA(w) 


f p(w) da(w) 
P(z) J D r (z) c exp(d ^{z,w) £ ) 


(z e C, r > 0) 


Then, by Lemma 2.3, there is S e (0,1) such that 


o<!> (0 


p{w) 


p(z) exp (d 0 ( 2 ,u;) e ) 


e 4 >( z ) |-_ u ,| 1 s 

p(z) 1 - 6 exp (d 0 (z,-u;) e ) 


(z G C, r > 1 , w G D r (z)). 


Therefore Lemma 2.7 shows that 



\K z (w)e-^\ &A{w) < C ejl - S {r) 
b) c 


(z E C, r > 1), 


so (a) holds. 

(b) By (a) we have that 


'D(zp 


\K z {w)e~^ w) \ dA(w) < e^ (2) (zeC). 

On the other hand, since \K z (w)\ < ||AT Z || 2 ^ || K w \\ 2 (2.8) and (2.5) show that 

r P 0( 2 ) r 

I \K z (w)e~^ w) \ dA(w) < 


D(z) 


p{z) 


f (z6C) . 

D(z) P \ w ) 


And the proof is complete. 


□ 


Proposition 2.9. For any 1 < p < oo we have that 

IliCU - e* W p(0~ 2 (2€C). 

Proof. First note that the estimate > directly follows from (2.12) and (2.5), so let 
us prove the opposite estimate. For p — 1 it is just Lemma 2.8(b). For p — oo it 
follows from Lemma 2.4, (2.5) and Lemma 2.8(b): 


\K z (w)e ~^ w) | = e -^V (2 ) \K w {z)e~^ z) \ 


< 


e -<j>(w) e <j>(z) 


P(z)‘ 


I K v ,e~^ I dA < 


lD(z) 


e <W 2 ) 

p(z) 2 ' 


Finally, the case 1 < p < oo is a direct consequence of the two preceding cases: 
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3. Bergman Projection, Duality and Complex Interpolation 

It is straightforward to see from the reproducing property of the Bergman kernel 
for F 2 that the orthogonal projection P^: —> F 2 is the integral operator given by 

P*f(z) ■■= [ dAH (/ eL%zeC). 

Jc 

Theorem 3.1. is a bounded linear operator from L^ to F p . for any 1 < p < oo. 

Proof. First we prove that P^f G 'H(C), for every / G L / p . We do that by differen¬ 
tiation under the integral sign. Let / G Lf^. Since the function 

F(z, w) := /(wjfhRe- 2 ^ 1 (z, wGC) 

satishes that F(-,w) = f(w)K w e~ 2 ^ w ' ) is an entire function, for every w G C, and 
F(z, ■) = fK z e~ 2<p is a continuous function on C, for every z G C, we only have to 
check that for every z 0 G C there is G zo G L 1 (C) such that 


(3.1) 


\F(z,w)\ < G Z0 (w) (z G D(zq), w G C). 


But Lemma 2.2 and the subharmonicity of \K W \ imply that there is a constant r > 1 
such that the function 


G„(to) := |/(w)|e- 2 «”» 


iD^zo) 


1^(01 (L4(C) (wee) 


satishes (3.1). Moreover, Holder’s inequality, Jensen’s formula, Tonelli’s theorem 
and Proposition 2.9 show that G Zo G L 1 (C). 

Now we are going to prove that P^ is a bounded linear operator on L^. Observe 
that \P^,f{z)e~^\ < Q l j ) (\fe~^\)(z), for every z E C, where 

Q<t>g(z) := / g(w)J(z,w)dA(w) (z e C), 

Jc 

and J(z,w ) := \K z (w)\e~^ z ' > e~^ w \ In particular, it turns out that P is bounded 
on whenever Q$ is bounded on L p ( C). First of all, we know by Lemma 2.8(b) 
that there exists C > 0 such that f c J(z,w ) d A(z) < C, for every vj G C. Then, if 
1 < p < oo and q is the conjugate exponent of p, by Holder’s inequality and Fubini’s 
theorem we have 

[ \Q<t>g(z)\ P dA(z) < C p/q [ I \g(w)\ p J(z,w)dA(w)dA(z) 

Jc Jc Jc 

= C p/q [ \g{w)\ p I J(z,w)dA(z)dA(w) 

Jc Jc 

<C P I \g{w)\ p dA(w). 

Jc 

For p — 1, Fubini’s theorem shows that 

WQ^lh < [ \g(w)\ [ J(z,w)dA(z)dA(w) < CWg^. 
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Finally, if g £ L°°(C) then 


\Q*9(z)\ < \\g\\oo J(z,w)dA(w) < C Halloo, for every z E C. 

J c 

Hence the proof is complete. □ 

Corollary 3.2. If 1 < p < oo and q is the conjugate exponent of p, then 

(P<l>f,9)<l> = (/> P<t>9)<t>i f or every f E FF^ and g E Lj. 

Proof. It follows from Fubini’s theorem. Note that the hypothesis of Fubini’s theo¬ 
rem holds due to Holder’s inequality and the L p -boundedness of the operator Q □ 

Theorem 3.3. Let 1 < p < oo. Then f = P<pf, for every f E Ff. 

The proof of Theorem 3.3 follows the approach of Lindholm (see [ 8 , pp. 412-413]). 
First we need the following approximation lemma. 

Lemma 3.4. Let 1 < p < oo. For any f E Ff there is a sequence {f n }n of functions 
in F| D such that: 

(a) lim ||/„ - / 1 | ^ = 0, ifp < oo. 

n—>oo 

(b) sup ||/„ - /|| . < oo, and lim | f n (z) - f(z)\ e _9i(2) = 0, for every z E C, if 

n> 1 n ^°° 

p — OO. 

Proof. Let / G F%. Take a cutoff function if E C°°(C) such that 'ijj(z) = 1 if \z\ < 1, 
0 < ip(z) < 1 if 1 < \z\ < 2, and ip(z) = 0 if \z\ > 2. Let ijj n (z) := ip(z/ri) and 
f n := Pcpfifnf). Then u n := ip n f — f n is the L|-miniirial solution to the equation 
du = fdif n . By [12, Proposition 1.4], 




|| Pfdlpr 




(n > 1 ). 


Since 


1 ,, 


dij n (z) = - 


(2.5) and Lemma 2.3 show that 


n 


\p(z)d^ n (z)\ 


11 — 5 


< 


n 


■ XD(0,2n)\D(0,n){Z) 


n 


< — 

r^j X 

n° 


(n>l,zEC), 


and so 




\\pfdA, 


I < — 

W ~ n 5 


p,<P 


(n > 1 ). 


Therefore 


[n > 1 ). 


11/ /™llp,0 — 11/ V’n/llp^ + ll^nllp^ ^ 11/ f’nfWp^ + ||J \\ p ^ 

(a) If p < oo then \\f - if n f \\ Pt<j) 0 and so ||/ — f n \\ prj) -E 0 . 

(b) If p = oo then ||/ — '0n/|| oo & — ll/lloo^ an d so ^ ie fi rs t assertion of (b) holds. 
The second assertion follows from the estimate 

I f(z) - fn(z) |e-^ } < \f{z)-^ n {z)f{z)\e-^ + \u n (z)\e~^ 
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since | f(z) — fj n (z) f (z) |e ^ — » 0. □ 

Proof of Theorem 3.3. Let / G F p . Take {f n } n as in Lemma 3.4. Recall that 
f n G F'l and so P<f,f n = f n . We distinguish the following two cases: 

Case 1: p < oo. Since P^ is bounded on F^ (see Theorem 3.1) and || f n — f || ^ — > 0, 
we have that \\P^f n ~ P<pf \\ p ^ ->■ 0. Therefore 

P^f(z) = lim P<pf n {z) = lim f n (z) = f(z ), for every z e C. 

n—>oo n —>-oo 

Case 2: p = oo. Fix zG C. First note that 

|P*/(z)-P*/ n (z)|< [\f(w)-f n (w)\e~^\K z (w)\e-^dA(w)^0, 

J c 

by the dominated convergence theorem, since K z G L 0 and Lemma 3.4(b). Then 
\P*f(z) - f(z) I < I P+f(z) - P+f n (z) I + I fn(z) ~ f(z)\ —► 0, 
and hence P<f,f(z) = f(z). □ 

Observe that Theorems 3.1 and 3.3 show that P^ is a bounded projection of F p 
onto F p (that is, P^ : F^ —» F^ is a bounded linear operator such that P<p o P^ = P^ 
and P<f>Lfp = F ,p ), for any 1 < p < oo. As a consequence of that fact we will obtain 
results on complex interpolation and duality of the generalized Fock spaces. 


Theorem 3.5. Let 1 < po < pi < oo and 0 < 6 < 1. Then [L^ 1 , L^]g = L p ^ and 
[F Po , F Pl ]g = F pe with equivalent norms, where 

1 _ 1 -9 9 

Pe Po Pi ’ 


Proof. Let 1 < p < oo. Then the formulas Ef = /e _<?i and Rg = ge^ define 
bounded linear operators E: F^ —» F p (C) and R\ L p { C) —>■ L p 0 . (Indeed, E and R 
are topological isomorphisms.) Moreover, they satisfy R o E — I, where / is the 
identity map on Lh. So, using the terminology of [7, p. 151], {L p £, F^ 1 } is a retract 
of {F Po (C), F Pl (C)}, and therefore the first part of [7, Lemma 7.11] shows that 

[£?,£?]« = R([V"( C),L»(C)]«) = €)) = L« 

with equivalent norms. Recall that the norms of R(L Pe ( C)) (see [7, (7.40)]) and F Pfl 
are equivalent because F is a topological isomorphism. 

On the other hand, as we observed above, by Theorems 3.1 and 3.3 we know that 
Pp, is a bounded projection of F p onto F p . Then the second part of [7, Lemma 7.11] 
implies that 


ItpPo pPil _ rp rPo D rBl _ p /r rPo rPil \ _ p rPs _ pPs 

R0 , F^F 0 \ 6 - Ffj) ( \b) - F< j) L (j) - r ^ 

with equivalent norms. Note that the norms of P^F™ (see [7, (7.40)]) and F pe are 
equivalent by the open mapping theorem. □ 


It is well-known that if 1 < p < oo and q is the conjugate exponent of p then 
(F(^)* can be (isometrically) identified with F(( by means of the integral pairing 
(•, • defined by (2.7). Namely, the mapping 

(3.2) 9 eLJ—►<•,«>*£(£?)• 



10 


ROC OLIVER AND DANIEL PASCUAS 


is an isometric antilinear isomorphism. From this fact and the boundedness of the 
projection Pj we are able to describe the dual of F|\ for 1 < p < oo. 

Theorem 3.6. Let 1 < p < oo and let q be the conjugate exponent of p. Then (F^)* 
can be identified with Fj (with equivalent norms) by means of the integral pairing 
{-,■)(/, given by (2.7). Namely, the mapping 

(3-3) 9 6 .—► (',9>*6 (F’Y 

is a topological antilinear isomorphism. 

Proof. Let (F^)- 1 : {f,g)<f, = 0, for every / G F£ }. Then the fact that 

the map (3.2) is an antilinear isometric isomorphism and a well-known consequence 
of the Hahn-Banach theorem show that the operator S : F^/(F|)- L —» (F())*, 
defined by S(g + (F^) 1 *) = (■, g)^, is an antilinear isometric isomorphism as well. 
On the other hand, 

{F^ = {g £ L l : (/> p <t>g)i> = 0, for every / G L\} = { g G Lj : P$g = 0 }, 

where the first identity is a consequence of Corollary 3.2 and Theorem 3.3, while 
the second identity follows by duality. Therefore, since F^ is a bounded linear 
operator from the Banach space L ^ onto its closed subspace F^, the open mapping 

theorem shows that the “quotient” operator F j '■ L q ^/(F^) ± —* F^, dehned by 
F(f>(g + (F%) ± ) = P</,g, is a linear topological isomorphism. Hence the operator 

S o (F^,)" 1 , which coincides with the mapping (3.3), is an antilinear topological 
isomorphism, and the proof is complete. □ 

Corollary 3.7. The linear span E of all the reproducing kernels K z , z G C, is dense 
in Fj), for any 1 < p < oo. 

Proof. By Theorem 3.6 and the Hahn-Banach theorem, we only have to prove that 
if q is the conjugate exponent of p and / G F^ satisfies (/, g)$ = 0, for every g G F, 
then / = 0. And that follows from Theorem 3.3, since f(z) = P<t,f(z ) = (f,K z )^ = 
0, for every zG C. □ 


4. Fock-Carleson Measures 


Let M. denote the set of all locally finite positive Borel measures on C. From 
now on it will be useful to consider the notion of p-normalized reproducing kernel at 
ZG C: 


K P}Z (w) 


K s (w) 


(1 < P < oo, w G C). 


The Berezin transform of p, G M. is dehned to be 


p(z) \= I \K\ z (w) e 2 ^ w ldfi(w) (zGC). 

Jc 

For every r > 0, the r-averaging transform of p G M is dehned by 


fir(z) 


p(p r (z)) 

A(D r (z )) p(z) 2 


{z G C). 
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4.1. Fock-Carleson measures for F£. Let p G M and 1 < p < oo. We say that 
H is a Fock-Carleson measure for if there exists a constant C > 0 such that 

(4.1) f |/e _< ^| P d/i < C f \fe~^\ P dA, for every / G F%. 

J € JC 

In other words, /i is a Fock-Carleson measure for F ^ when the inclusion operator 
F^ ‘-A L p ( C,e _p< ^d/i) is bounded. Our next result characterizes the Fock- 
Carleson measures for F^ in terms of the boundedness of their Berezin and averaging 
transforms. 


Theorem 4.1. Let fi G A4 and 1 < p < oo. Then the following assertions are 
equivalent: 

(1) fi is a Fock-Carleson measure for F£. 

(2) There is r > 0 such that fi r G L°°(C). 

(3) jd e L°°(C). 

Moreover, ||i p , M || p ~ ||/x r IU ^ IlhlU- 

An important consequence of this result is that the Fock-Carleson measures for 
Ff are independent of p, so we will simply call them <p-Fock-Carleson measures. In 
order to prove Theorem 4.1 we need the following lemmas. 


Lemma 4.2. Let 0 < p < oo and assume ro > 0 satisfies (2.12). Then for every 
0 < r < r 0 we have 


fir(z) - 

and, in particular, 



(p. G M, z E C), 


M z ) % T(z) 


(/i G 2W, z G C). 


Proof. Note that (2.5), (2.12) and Proposition 2.9 imply that 
1 


p(zf 


~ I K PtZ (w)e~^ w) \ P (zec,we D r °(z)). 


Therefore for every 0 < r < ro we have that 
T(D r (z)) _ f 


p r {z) ~ 


P(-) 


'Dr(z) 


K P}Z (w)e~^ w) \ P dp(w) (ze C). 


The last assertion of the statement follows by taking p = 2. 

Lemma 4.3. Let r > 0. 

every z G C with |z| > R. 


□ 


Lemma 4.3. Let r > 0. Then there is R > 0 such that D r (z) cC \ .D(0, ^) ; for 


Proof. If w G D r (z) then |w| > \z\ — \z — w\ > \z\ — rp(z), and recall that, by 
Lemma 2.3, there is a constant S G (0,1) satisfying 

p{z)<\z\ l ~ 5 (z G O r (0) c ). 


Thus there is R > 0 big enough such that \z\ — rp(z) > \z\ /2, if \z\ > R. Therefore 
it is clear that R satisfies the statement of the lemma. □ 


Lemma 4.4. Let 0 < p < oo. Then: 
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(a) For every r > 0 there is a constant C > 0 such that 

f | fe~^\ P dp < C f \fe~^\ P p r dA, for any p E M and f E H(C). 

Jc J c 

(b) There is Rq > 0 such that for every r > 0 there is a constant C > 0 satisfying 


|/e 


— 0 IP 


cl// < C 


J D(0,R) c 

for any p E M, R > Ro and f E FL{ C). 


D(0,R/2) C 


Ife-^jlrdA, 


Proof. By Lemma 2.4, for every s > 0 there is a constant C s > 0 such that 



d p(z)<C s [ f \f(w)e~*W\ p 
J Q J Dpz) 


dkf(u>) 

p{w) 2 


d p(z), 


for any Borel set C C and for every p E M and / G "H(C). Let r > 0. Recall 
that, by (2.5), there is a constant c > 1 such that p(z) < cp(w), for every z E C and 
w E D r (z). Thus z E D sc (w), whenever 0 < s < r and w E D s (z). Consequently, 
by Tonelli’s theorem, we obtain that 


J n |/(*)e-*«| P d p(z) < C S J^ \f(w)e~^\ P dA(w), 

where := U z£ nD r (z), for any s E (0,r]. By taking s = s(r) := r/c E (0,r] we 
have that 

(4,2) \f(w)e-^\ r ^FM. iA ( w ). 

Since C r = C, (a) directly follows from (4.2). On the other hand, by Lemma 4.3, 
there is Rq > 0 such that (D(0, R) c ) r C D(0, R/2Y, for every R > R 0 . Therefore 
(b) also follows from (4.2). □ 


Proof of Theorem f.l. 

(1) =>■ (2): By Lemma 4.2 and applying (4.1) to / = K pz we obtain that 

M*) - [ \K P , z H^ (w) \ P dhH < C\\K P 4 P = c (ze C). 

J D r (z) 


(2) => (3): By Lemma 4.4(a) we have that 

T{z) < [ \K 2)Z e~ (l, \ 2 Jl r dA < H/Tr-lloo («eC). 

Jc 

(3) =>■ (1): By Lemmas 4.4(a) and 4.2 we get that 

[\fe~*\ r d A < [ l/e-^M^SPIUI/ll^ (/£*?)• 

Jc Jc 

Moreover, we have proved the estimates ||*p !A t|| p < Halloo ll/L-lloo ~ ||ip )A i|| p . D 
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4.2. Vanishing Fock-Carleson measures for F%. Let p G M. and 1 < p < oo. 

We say that /i is a vanishing Fock-Carleson measure for Ff when the inclusion 
operator i p ^\ F ^ < -A L P (C, e - ^ d/i) is compact. Those measures are characterized 
by the fact that their Berezin and average transforms vanish at infinity, as the 
following result shows. 

Theorem 4.5. Let p G A4 and 1 < p < oo. Then the following statements are 
equivalent: 

(1) p is a vanishing Fock-Carleson measure for Ff. 

(2) There is r > 0 such that p r {z) —* 0, as |z| —> oo. 

(3) p(z) —> 0, as |z| —>■ oo. 

An important consequence of this result is that the vanishing Fock-Carleson mea¬ 
sures for are independent of p, so we will simply call them vanishing (f-Fock- 
Carleson measures. The key tool in the proof of Theorem 4.5 is the following 
Kolmogorov-Riesz type compactness lemma. 

Lemma 4.6. Let v G A4 and 1 < p < oo. 

(a) If T is relatively compact in L p ( C, dn) then T is bounded in L p (C,du) and 
satisfies 

( 4 - 3 ) \\fXD(0,R)° ILp(C,d,) = °- 

J 

(b) If IF is a locally bounded family of entire functions satisfying (4.3) then T is 
relatively compact in L p (C,du). 

Proof, (a) Assume that J- is relatively compact in L P (C, du). Then it is clear that 
T is bounded in L p ( C, dv), so we are going to show that it satisfies (4.3). 

Let 

L := JSLfP ’ 

J 

and note that (4.3) is equivalent to L = 0. In order to prove that, pick a sequence of 
functions (/ n ) n in T and a sequence of positive numbers ( R n ) n such that R n — » oo 
and \\fnXD(o,R n ) c \\ LP ( Cd ^ —> L, as n —> oo. Since T is relatively compact in 

L p (C,du), there is a subsequence ( f nk )k of (f n )n which converges in L P (C, dv) to a 
function / G L p (C,du). Then 

||/n fc XD(0,iln fe ) c Ilip(c,di/) — \\(fr* f)XD(0,Rn k ) c Hx4>(C,di/) ||/An(°,R nfc ) c || iP (c,di/) 

— \\fn k — f\\LP(C,dv) + II^AD(0,R„ fc ) c || Lp ( Cidl ,) j 

and letting k — » oo we get that L — 0. 

(b) Let J- be a locally bounded family of entire functions which satisfies (4.3). 
Since v is locally finite, for every R > 0, we have that 

(4.4) \\fXD(o.R)\\ LP(W < sup \f(z)\ (/ G C(D(0,R)), 

’ p|<R 

where as usual C(D( 0 ,i?)) is the space of continuous functions on the closed disk 
D(0,R). Then it is clear that (4.3) and (4.4) show that T C L P (C, d^). Now we 
want to prove that T is relatively compact in L p ( C,dp), or equivalently that J- is 
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precompact (totally bounded) in L p ( C, du), which means that for every £ > 0 there 
is a finite covering of T by balls in L p ( C, do) of radius e. 

Let e > 0. By (4.3) there is R > 0 such that 

SU P ||/XD(o,n) c || LP(C)dl/) <e/4. 

Since J° is locally bounded, 

sup{|/(z)| : / e F, \z\ < 2 R} < oo 

and so T is a normal family on the disk D{ 0, 2 R), by Montel’s theorem. In particular, 
T is relatively compact (and so precompact) in C(.D(0, .R)). Taking into account 
(4.4), it follows that there are finitely many functions fi ,..., f n in T such that for 
any / £ I there is 1 < j < n so that ||(/ - fj)XD(o,R)\\ LP ^ CAu) < e/2 and therefore 


11 / - fj\\LP(C,du) ^ ||(/ “ fj)XD(0,R)\\ LP{CAu) + || (/ - fj)XD(0,R)° 

< 2 \\fXD{0,R) c ILp(C,di/) ||/?XD(0,fl) c || iP(c,dy) 


lLP(C,di/) 


< £. 


□ 


Hence the proof is complete. 

Corollary 4.7. Let 1 < p < oo and J 7 C Then T is relatively compact in F ^ «/ 
and only if T is bounded in F? and satisfies 


(4.5) 


lim sup /xz) ( o ij) c 
j aJ- 


\ p,<t> 


= 0. 


Proof. It follows by applying Lemma 4.6 to do = e A. Namely, part (a) proves 
that if T is relatively compact in then T is bounded in Ff and satisfies (4.5). 
Recall that (2.6) shows that if T is bounded in F\* then T is locally bounded, and 
so part (b) completes the proof of the corollary. □ 

Lemma 4.8. lim K 2)Z {w ) = 0, for every w G C. 

\z \—^OO 

Proof. Let w G C. Then, by (2.8), Lemma 2.4 and (2.5), we have that 


\K 2 , z (w)\ = \{K^ Z ,K W )^\ ~ p{z)\K w (z)\e-M < \\K wX D(z)\ 


2 , 0 ' 


So, by Lemma 4.3, \K 2 jZ (w)\ < \\K w xd(o,\z\/ 2 ) c 
done. 


12,0 


—> 0, as \z\ —$■ oo, and we are 

□ 


Proof of Theorem 4.5. 

(1) =>■ (2): The hypothesis shows that T := {/ G F^ : ||/|| p< ^ < 1} is relatively 
compact in L P (C, do), where dis = e~ p ^dp. So Lemma 4.6(a) implies that (4.3) 
holds. Then, by Lemmas 4.2 and 4.3, there is r > 0 such that 

Tr(z) — ||-Kp, 2 XD r (^)||_ L p^ Cidl/ ) < \\Kp,zXD(0,\z\/2Y || iP (c, dl /) * 0, as \ z \ 00 • 


(2) =>■ (3): By Lemma 4.4(a) there is a constant C > 0 such that 
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Then, for every s > 0, we have that 
h'(^) — C 11 Tr\D s (0) | 


/ |i^ 2 , z e ^1 d A + C sup p r {w) 

'd s ( 0 ) ’ w€D s ( o) c 


The limit of the second term of the above sum is 0, as s —> oo, by the hypothesis. 
The locally finiteness of /i and (2.5) show that \\p r XD s (o) || < oo, for every s > 0. 

Then Lemma 4.8, (2.6), (2.5) and the dominated convergence theorem imply that 
the first term goes to 0 as |z| —>■ oo, for every s > 0. Hence p(z) —> 0, as \z\ —> oo. 

(3) (1): We are going to prove that p is a vanishing Fock-Carleson measure for 

F| by applying Lemma 4.6(b) to du = e~ p<t> dp and T := {/ G F% : ||/|| p<?i < 1}. By 
(2.6) and (2.5) it is clear that T is a locally bounded family of entire functions. Now 
we want to prove that (4.3) holds. By Lemma 4.4(b) there are constants r, R 0 , C > 0 
satisfying 

[ I /e “ 0 r d n<C f I fe-* \ P % dA, 

Jd(0,R) c Jd(0,R/2) c 

for any R> Rq and / G "H(C). Therefore by Lemma 4.2 


sup / 

f&T JD(0,R)‘ 


|/e-1 P d/x 


< 


sup n(z) (R > Ro), 

\z\>R/2 


and hence the hypothesis n(z) —> 0, as \z\ —> oo, implies that (4.3) holds. 


□ 


5. Toeplitz Operators 

The Toeplitz operator with symbol p G A4 is defined to be 

TJ(z) := [ f(w)K^)e~ 2 ^ dp(w) (z G C). 

J € 

Note that T /X f is defined if the function / satisfies / K z e -2 ^ G L 1 (C, d/i), for every 
zG C. 

The goal of this section is to study the boundedness and compactness of the 
Toeplitz operator on F ^ in terms of the symbol p. 

5.1. Boundedness. In this subsection we characterize the boundedness of the Toeplitz 
operator acting on for 1 < p < oo. Recall that we say that 7), is bounded on 
when, for every / G F%, T p j is an entire function and \\T^f\\ P}(f) < \\f\\ p ^. 

Theorem 5.1. Let p G M. and 1 < p < oo. Then the following assertions are 
equivalent: 

(1) Tfj, is bounded on Ff. 

(2) T p K PtZ G F%, for every z G C, and M Ptfl := sup„ gC \\T p K p ^ z \\ p ^ < oo. 

(3) p is a cf-Fock-Carleson measure. 

Moreover, \\T p \\ f p^ f p ~ M Ptfl ~ \\i p , p \\ p - 

The fact that the linear span of the reproducing kernels K p z is dense in F p 
(see Corollary 3.7) justifies somehow the occurrence of the assertion (2) in the state¬ 
ment of Theorem 5.1. 

To prove Theorem 5.1 we need the following two lemmas. 
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Lemma 5.2. Let /i G M. and 1 < p < oo. Assume that T [L K Z G F p , for every 
z G C. Then, for every r > 0, we have that 




W 


(z G C). 


Proof. It follows from Proposition 2.9, Lemma 2.4 and (2.5): 


V T,K Z (Z) 
M*) = .. „ 2 

W-L*- Z 


T p K P:Z (z) < ^ {z) || XetmTuK,. 


\p,(j> 


K, 


v z II 2,0 q,<j> 

where q is the conjugate exponent of p. 

Lemma 5.3. 

(a) If /i G AA then 


\K, 




p(z) 2 / p 


— 11 \D r (z)T^Kp t , 


I p,<j>' 


□ 


(5.1) 


%}(z):= / f(w)\K z (_w)\e~ 2 *^ d^w) 


defines a bounded linear operator from L 1 (C, e * dp) to L^, and its norm \\Tfi\ i 
satisfies \\%\h < 1. 

(b) If p is a fi-Fock- Carles on measure then (5.1) defines a bounded linear operator 
from L P (C, e -p< ^ dp) to L [^ for every 1 < p < oo, and its norm \\T P \\ P satisfies 
IITII < Ilf ll p_1 

|| ' fl\\p lrp,/i|| 

Proof, (a) It follows from Tonclli’s theorem and Lemma 2.8(b): 


\TJh.t < 


\f(w)\\K,(w)\e- 2 * M d/i(w) j e-* 1 * 1 1 lA(z 


C \JC 


K w (z) |e~*« d A(z) ) \ f(w)\e~ 2 ^ w) dp(w) 


< 


>C \J<C 

I \f{w)\e~^ {w) dp{w) = ||/|Ui(c,e-*«4t)- 


(b) Assume p is a <f>- Fock-Carleson measure. First, Holder’s inequality shows that 
\%f{z)e-+W\ < ( [ \K z (w)\e-*W-+W dp(w)) * M{z)V q , 


where q is the conjugate exponent of p and 

M(z) := I \K z (w)\e-+M-+W dp(w) < |M| < ||i 1)M ||, 

J c 

by the hypothesis and Lemma 2.8(b). Therefore 

\%f(z)e-*M\> < f |/( w ) e -^)|P|iF z (tn)|e-^)-^d/iH, 

J c 

and hence Tonelli’s theorem, Lemma 2.8(b) and Theorem 4.1 imply that 


\%J\\% < WhA’’ 1 " 


< IMI P/, II/II 


C \J c 
p 

LP (C,e — dp) 


K w (z)dA(z)J \f{w)e~^ w) \ p dp(w) 

p 

LP^e-P^ dp ,)' 


5 ^ iiwii p(p_ 1 ) n/r 


□ 
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Proof of Theorem 5.1. 

(1) =>■ (2): The boundedness of on Ff clearly implies that T p K pz G Ff. for every 

z e C, and < \\T p \\ fP pP . 

0 0 

(2) =>■ (3): The hypotheses and Lemma 5.2 show that 


P( z ) S \\ t h k p,*\\ p ,4, ^ M p,r (- e C), 


so, by Theorem 4.1, /i is a 0-Fock-Carleson measure and ||fp !At || p < M p/1 . 

(3) =>■ (1): Assume that /i is a 0-Fock-Carleson measure. First we want to prove 
that T p f G 77(C), for every / G Ff. We proceed by differentiation under the integral 
sign as in the proof of Theorem 3.1. Following that proof we only have to check that 
G zo G L l { C, d/i), which is proved by using the same arguments which show that 
G Zo G L 1 (C), since p is a 0-Fock-Carleson measure. 

Now the boundedness of T p on Ff follows from Lemma 5.3 and our hypothesis: 


iia/iu < \\tj iu < iiwir'ii/iiwic,.--^) < ii» 


p,mi 


(/eU). 


In particular, ||T„||„ „ < \\i p J\ r 

0 0 


□ 


5.2. Compactness. In this section we characterize the compactness of the Toeplitz 
operator T p on for 1 < p < oo. 

Theorem 5.4. Let /i G M and 1 < p < oo. Then the following statements are 
equivalent: 

(1) T p is compact on F£. 

(2) [i is a vanishing f-Fock-Carleson measure. 

In order to prove Theorem 5.4 we need the following lemma. 

Lemma 5.5. For R, S > 0 let 

(5.2) M(R, S) sup e^f \K z {w)\e-^ w) dA(w). 

zeD(0,S) J D(0,R) c 

Then M(R, S) —> 0, as R —> oo, for every S > 0. 

Proof. Let S > 0 and 6s su Pzgd(o,s) p( z )- Then D r (z) C T>(0, S + rSs), for every 
r > 0 and z G D( 0, S ). Therefore r(R , S) := (R — S)/Ss satisfies that 

D(0, R) c C D r ( R ’ s \z ) c , for any R > S and z G D( 0, S). 

Moreover, note that r(R,S ) — > oo, as R —> oo. Hence, by Lemma 2.8(a), we 
conclude that M(R, S ) < C(r(R , S)) —> 0, as R —> oo, and we are done. □ 

Proof of Theorem 5.f. Let T := {/ G F^ : ||/|| p ^ < 1} be the closed unit ball in 

n- 

(1) => (2): The compactness of T p on and Corollary 4.7 show that T p F satisfies 
(4.5). Then Lemmas 5.2 and 4.3 imply that 
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as \z\ —> oo. Therefore (2) holds by Theorem 4.5. 

(2) =>■ (1): Assume that p is a vanishing (f>- Fock-Carleson measure. Then /i is also 
a 0-Fock-Carleson measure and so, by Theorem 5.1, T 4 is bounded on F£. 

Now we are going to show that T^ is compact on F^, that is, T^T is relatively 
compact in F£. In order to do that we will apply Corollary 4.7. Since T ^ is bounded 
on F£, TfjF is bounded in so it only remains to prove that T^T satisfies (4.5). 
Let f E F^ and R > 0. Then 

(5.3) ||(r„/)XD(0,K).||' < f I(z)”e-^dA(z), 

J D(0,R) c 

where 

I{z) : = [\f(w)\\K z (w)\e~ 24>{w) dp(w). 

J c 

Now, if p > 1 and q is the conjugate exponent of p } I(z ) is estimated by using 
Holder’s inequality, the fact that /i is a 0-Fock-Carleson measure and Lemma 2.8(b) 
as follows 

I{z) < ^l/HII^HIe-^^d/i^y ^\K z (w)\e~^ dp(w) 

1 

< ( / |/HHiF z (n;)|e-^ +1 ^ d^w)) ” . 

So, for p > 1, we get 

||(A/)x D( o,H).||" < [ ( [\f(wmKM)\e-< r+mw] Mw))e-^dA(z). 

Jd(o,r) c \J c / 

Note that (5.3) shows that this estimate also holds for p = 1. Therefore, by Tonelli’s 
theorem, we have that 

\\(TJ)xd ( w\\L Z I f f An(w). 

J € \Jd(0,R) c J 

For every S > 0, we split the above integral on C into the corresponding integrals 
on D(0, S) and 74(0, S) c , which we denote by Is{R ) and Js(R), respectively. Then 
Lemma 2.8(b) implies that 

J s{R) < WfXD(0,S)A\ P LP(<c,e-P*dri- 

Moreover, since p is a 0-Fock-Carleson measure, Is(R ) < M(R, S) ||/|| Pi where 
M(R , S) is defined by (5.2). 

Therefore it turns out that there is a constant C > 0 such that 

(5.4) sup \\(TJ)xd(o,r)4 P p ,<p <c{m(R 1 S) + sup ||/XD(o,sy ||^ (C)e -^ d/i) 

for every R, S > 0. Since p is a vanishing 0- Fo ck- C ar leson measure for F£, T 
is relatively compact in L P (C, e~ pr ^dp) and Lemma 4.6(a) shows that the second 
summand of the right-hand side term of (5.4) goes to 0, as S —> oo. Moreover, 
M(R, S) —» 0, as R —> oo, for every S' > 0, by Lemma 5.5. Hence we conclude that 
T^F satisfies (4.5). □ 
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6. Membership in the Schatten Class of F| 

Let H be a separable complex Hilbert space. Recall that if T is a positive operator 
on H and (e n ) n is an orthonormal basis of F, then the quantity 

^(Te n ,e n ) G [0, oo] 

n 

does not depend on the basis (e n ) n . It is called the trace of T and it is denoted by 
tr (T). It is well known that if tr (T) < oo then T is compact and tr (T) = Yh n 'Vu 
where (\ n ) n is the sequence of eigenvalues of T. 

For 0 < p < oo, the Schatten class S p = S P (H) of H is the set of all bounded 
linear operators T on H such that ||T||g := tr (|T| P ) < oo, where \T\ is the positive 

operator defined by \T\ := (T*T)%. Then it is clear that any T E S P (H ) is a 
compact operator and ||T||^ = Yh n \ p , where (A n ) n is the sequence of eigenvalues of 
\T\. Moreover, (« S P (H), || ■ ||s ) is a Banach space for 1 < p < oo, and a quasi-Banach 
space for 0 < p < 1. Furthermore, we have the triangular inequality 

(6.1) || T + Sl^ < \\T\\ p p + \\S\\%, (5, T E S P (H ), 0 < p < 1), 

which is called Rotfel’d inequality (see [15, 16, 21]). 

We refer to [23, Chapter 1] for the basic properties of the Schatten class operators. 
In this section we want to study when T P e S P (F%). Note that if fj, is a 0-Fock- 
Carleson measure then Fubini’s theorem and Theorem 3.3 show that 

(6-2) {Tftf, f)<j, = [ |/| 2 e _2< ^ d/i, for every / e Fj. 

J c 

(The hypothesis of Fubini’s theorem is fulhlled due to Cauchy-Schwarz inequality, 
the boundedness of the operator on F 2 (by Lemma 5.1) and our assumption that 
g is a (j)- Fock-Carleson measure). Thus if T p is bounded on F 2 then (6.2) holds, 
by Theorem 5.1, so T p is a positive operator on F 2 and, in particular, jT^I = T p . 
Therefore T p G S P (F^) if and only if T p is bounded on F| and tr (T^) < cxo. 

In order to state the characterization of the membership of T p in 5 P (F 2 ) we need 
the concept of (r, 0)-lattice. For any r > 0, an (r, 0) -lattice is a sequence of different 
points in C such that {D r (zj)}j> i is a covering of C satisfying 

OO 

(6.3) N r({zj}j> l) := sup y2xDr( Zj )(z) < oo. 

zec j=1 

The existence of (r, 0)-lattices, for any r > 0, is guaranteed by [4, Proposition 7]. 
We characterize the membership of T p in the Schatten class S P (F£) as follows. 

Theorem 6.1. Let /i E M and 0 < p < oo. Then the following statements are 
equivalent: 

(1) T, e S p {Fl). 

(2) There is r 0 > 0 such that any (r, (jf) -lattice {zj}j>i with r e (0,r 0 ) satisfies 

{Hr(Zj)}j>l e d P . ^ 

(3) There is an (r, 0 )-lattice {zj}j >i such that {fir(zj)}j >i £ £ p ■ 

(4) There is r > 0 such that Ji r e L p ( C, da). 

(5) ft E L p ( C, da). 
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Moreover, ||T/||^ ~ ||/x T -||z^>(€ J dcr) — ||A*||z^(c,do-)- Recall that da = d A/p 2 . 

We are going to prove Theorem 6.1 in the next subsections. 

6.1. Some technical lemmas. In this subsection we collect all the technical lem¬ 
mas that we need to carry out the proof of Theorem 6.1. 

Lemma 6.2. Let 0 < r < 1/2 and z G C. Then: 

(a) r 2 /2 < a(D r (z )) < 4 2 r 2 . 

(b) p r/4 (z) < 4p r (w) and fi r / A (w) < 4 p r (z), for any p G M. and w G D r ^{z). 

Proof. By Lemma 2.2, p(w )/2 < p{z) < 2 p(w), for every z G C and w G D 1 ^ 2 (z). 
Then 7rr 2 /4 < a(D r (z)) < 4 ti r 2 , for any r G (0,1/2) and * G C, so (a) holds. 
Moreover, it is easy to check that D r / 4 (z) C D r (w ) and D r t A {w) C D r (z ), for any 
r G (0,1/2), 2 G C and w G D r / A (z). Therefore (b) directly follows. □ 

Lemma 6.3. Let T be a positive operator on F‘~. Then the trace ofT is 

tr (T) = I T(z)da(z), 

J c 

where T(z) := (TK 2jZ , K 2tZ ) ( j ) is the Berezin transform of T. 

Lemma 6.3 is proved as [24, Proposition 3.3], so we omit the proof. 

Lemma 6.4 ([23, Proposition 1.31]). Let T be a positive operator on a complex 
Hilbert space and let x be a unit vector in H. Then: 

(a) ( T p x,x) > (Tx,x) p , for every 1 < p < oo. 

(b) ( T p x,x ) < (Tx,x) p , for every 0 < p < 1. 

Lemma 6.5. Assume that p is a cf-Fock-Carles on measure. Then: 

(a) II/^IIlp ( c, d<r) ^ tr ( T 3' f° r ever y 1 < P < °°- 

(b) tr (TP) < M\ P LPic ,d<r)’ f° r ever V 0 < P < i- 

Proof. Let 0 < p < oo. Then T p is a positive operator on F 2 , and so, by Lemma 6.3, 

tr K) = [ T p (z)da(z). 

J c 

Now Lemma 6.4 shows that: 

(a) If 1 < p < oo then Tf(z) > ( T tl {z )) p , for every z e C. 

(b) If 0 < p < 1 then Tf(z) < (T^(z)) p , for every z E C. 

By (6.2), X/ = Ji, and hence the lemma follows. □ 

Lemma 6.6. Let 0 < r < R. Then there is a constant C^ r > 1 such that 
(6.4) N R ({zj}j> i) < Cji tr N r ({zj}j> i), 

for every sequence {%}j>i of different points in C. 
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Proof. Let {zj}j> 1 be a sequence of different points in C such that N r ({zj}j> i) < oo. 
By (2.5), c~ R 1 p(z ) < p(w) < c R p(z), for every z G C and w G D R (z). Then it is 
clear that U z£D R (zj)D r \zj) C D CR(r+R \z) , for every C, and so 

#{j > 1 : - e #*(%)} r 2 c* 2 p(*) 2 < XI r2 P( z j) 2 ^ ^r({2j}j>i) 4( r + i? ) 2 p(^) 2 - 

zGD R (zj) 

Since 7V/^({}y >i) = sup zeC #{j > 1 : z G -D R (%)}, we conclude that the constant 
Cr^ = 4(1 + R/r ) 2 satisfies (6.4). □ 


Lemma 6.7. 


sup 

Cec 




dcr(n;) 

exp( d^, u>) E ) 


p 

d a(z) < oo 


{e,p,r> 0). 


Proof. For every R > 0, we split the statement’s integral on C into the corresponding 
integrals on D R ( () and D R (Q C , which we denote by Ir(C) and Jr( (), respectively. 
Then (2.5) shows that 

sup I R ( C) < sup a(D R ( C)) a(D r ( C)) p < oo, for every R > 0. 

CeC CeC 


Now let us estimate Jr( (). Let ( G C, z G D R (Q C and w G D r ( Cf). If R > r then 
D R (Q C C D r (() c , and so (2.10) shows that d^z, £) > c^R 6 . On the other hand, 
(2.9) implies that d< c r r. Thus if R. > (2c 2 r) 1//<5 then d^(tu, £) < \ 4(z,C), 
and so d cf,(z,w) > d^(z, £) ~ 4 (w , C) > Id^z, £). Therefore 


•MO < [ 

J D R (Q a 


dcr(z;) 

exp(f d 0 (^,C) £ )' 


Now if i? > (4c r p 2 / £ ) 1 /' 5 and 2 G D R (() C then d ^(z, C) £//2 > (c r 1 i? <5 ) £//2 > y and so 
^ d<^(z, C) £ > d ^(z, () e / 2 - Hence, for R > 0 large enough, we obtain that 


sup J R (C) < svupa(D r (()) p [ 

CeC CeC J d r { c) c 


da(z) 

exp(d 0 (.~,C) £ / 2 ) 


< oo, 


by (2.5) and Lemma 2.7. 


□ 


Lemma 6.8. For R > 0 and any finite sequence {zj}f =1 of different points in C 7 let 
M R ({zj}f= i) := max #{ k G {1,..., n} : \zj - z k \ < Rnan(p(z j ),p(z k )) }. 

l<j<n 

Then {zj}f = 1 can be partitioned into no more than MR({zj} v - =x ) subsequences such 
that any different points Zj and z k in the same subsequence satisfy either Zj qL D R (z k ) 
or z k qL D R (zj), that is, \zj — z k \ > Rmm(p(zj), p(z k )). 

Proof. We proceed by induction on N = M R ({zj}^=i)- 

If IV = 1 then \zj — z k \ > Rmm(p(zj), p(z k )), for 1 < j < k < n, and there is 
nothing to prove. 

Let N > 1. Then we may split {zj}f =1 into two subsequences {z'-}”= 1 and {z"}f =1 
satisfying the following two conditions: 

(i) | z'j — z' k | > Rmm(p(z'j), p(z k )), for 1 < j < k < n'. 

(ii) For any 1 < j < n" there is 1 < k < n' so that \z"—z' k \ < Rmm(p(zj), p(z k )). 
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Namely, the points z', 1 < j < nl , can be inductively selected as follows: 

Let z[ be a point in {zj}f =1 such that p(z[) = min {p(zj) : 1 < j < n }. 

Assume that z k _ l has been picked. If D R (z[) U • • • U D R (z k _ 1 ) contains all the 
points from the sequence {zj}f =1 , let m! = k — 1 and stop the process of selection. 
Otherwise, pick a point z' k in {zj}™ =1 D D R (z[) c fl • • • fl D R (z' k _ 1 ) c such that 

p(4) = min {p(zj) : z, 6 D R (z[Y n • • ■ n D K (4-i) c }. 

Then it is clear that the selected points z', 1 < j < n' , satisfy (i), and, if z", 
1 < j < n" , are the non-selected points in {zj}™ =1 , (ii) also holds. 

Therefore Mr({z''}”” 1 ) < N — 1 and so the induction hypothesis shows that we 
can partition {z"}"" j into no more than ^({z''}"^) subsequences satisfying the 
separation property of the statement. Hence the proof is complete. □ 


Lemma 6.9. Let r £ (0,1) and R > 1. Then M R ({zj}™ =l ) < 6 2 R 4 r 2 N r ({zj}™ =1 ), 
for every finite sequence {zj}f =1 in C. Recall that N r ({zj}f =1 ) is defined by (6.3). 

Proof. Let {zj}f =1 be a finite sequence in C, and, for 1 < j < n, let 

Aj { k £ {1,..., n} : \zj — z k \ < Rmm(p(zj), p(z k )) } and Mj := ffAj. 


If k £ Aj then \p{zf) — p(z k )\ < \zj — z k \ < Rmm(p(zj), p(z k )), by (2.4), and so 
p(zj) < 2 Rp(z k ) and p(z k ) < 2 Rp(zj), since R > 1. Now if z £ D r (z k ), for some 
k £ Aj, then |z — zfi < \z — Zk\ + \zk — Zj\ < rp(zk) + Rp(zj) < 3 Rp(zj), since r < 1. 
Thus U keAjD r (z k ) C D 3R (zj). Therefore 


Mj WR? p ( Zj ’) 2 - r2 Yl p ^ 2 - (3 R) 2 p(zj) 2 N r , 

keAj 


where N r = AT r ({zj}” =1 ). Hence M/j({zj}” =1 ) = maxi <j< n Mj < 6 2 R 4 r 2 N r . □ 

Lemma 6.10. Let {ej}j >i be an orthonormal basis of F|. Let r > 0 and let {zj}f =1 
be a finite sequence in C. Then 


(6.5) Sf:=J2(f- e i4- Kv, (/e^ 2 ). 

3 = 1 


is a bounded linear operator on such that ||5'|| F 2_ >F 2 < C r N r {{zj}f =l ) 1 / 2 , where 
C r > 0 is a constant that only depends on r and AT r ({zj}^ =1 ) is defined by (6.3). 

Proof. We only have to prove that 

(6.6) \{Sf,g}^\ < C r Nl /2 ||y||2,0Hfl 1 1|2,</>) for every /, g £ F%, 

where C r > 0 is a constant that only depends on r and N r := N r ({zj}f =l ) . 

Let f,g £ F 2 . Then Cauchy-Schwarz inequality shows that 

n 

^(/, ej)j,{ K 2 , Zj ,g)t 
3 = 1 


/ n \ 1/2 
<ii/ii«(Ek^.9)*i 2 ) 
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By (2.8), there is a constant c > 0 such that e^/(cp(z)) < ||Ah|| 2i(j !,, for every 
z£ C, and so 

/ n 

\{Sf,g)t\ <c||/||2,0( ^p(^) 2 |^(^)e _0fe) | 2 

V j=1 

Now Lemma 2.4 and (2.5) show that there is a constant C(r ) > 0, which only 
depends on r, such that 



p(z) 2 \h(z)e ~^ z) \ 2 < C(r) 2 
for every h E 'H(C) and z E C. Therefore 


D r (z) 


\he ~^\ 2 dA, 


\ 1/2 


1(5/,9>*l < cC(r)||/||„( V / | 9 e-»| 2 d/lj < cC(r)Np ||/|M| 9 || 2> 


j =1 


Hence we conclude that C r = ch(r) satisfies (6.6). 


□ 


6.2. Proof of the equivalence of (2), (3), (4) and (5) of Theorem 6.1. It is 

clear that (2) =>- (3), while (5) =>- (4) is a direct consequence of Lemma 4.2. So we 
only have to prove (3) (5) and (4) => (2). 

(4) => (2): Since 

(6.7) s 2 p s (z) < r 2 p r (z), for every 0 < s < r and * 6 C, 

we may assume that there is Tq G (0,1/2) such that p r E L p ( C, da), for every 
r G (0,7t). Then Lemma 6.2 shows that any (r/4, 0)-lattice {zj}j>i with r G (0,?r) 
satisfies 

2 00 

3 = 1 

where Dj := D r / 4 (zj) and N r := N r /^{{zj}j>i). Therefore we have just proved that 
r o — r i/4 satisfies (2). 

(3) (5): The following proposition proves this implication in a quantitative way. 


V'' f p r (w) p da(tc) < 4 P N r f p r (w) p da(w), 

~1 ■’D j J c 


Proposition 6.11. For any 0 < p < oo and r > 0 there is a constant C p>r > 0 such 
that every p E M and every (r,f)-lattice {zj}j >i satisfy 


p(z) p d a(z) < C 1 


p,r 


N r({Zj}j> l) (PV1) 1 ^2M Z jY 
3 =1 


Proof. Let 0 < p < oo and r > 0. Along this proof A < B means that A < C B, 
where C > 0 is a constant that only depends on p and r. Let p E M and let {%}j>i 
be an (r, 0)-lattice. First we are going to obtain a pointwise estimate of p in terms 
of the sequence {p r (zj)}j> i- Note that 


p(z) 



dp. 
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Then, by Lemma 2.4, 

\K 2 , z (w)e-*W\ 2 < 


' D r (w) 


A A 

\K^e*\* — (we C). 
P 


Moreover, (2.4) shows that Aj := U w eD r ( Zj ) D r (w) C D r{ ' 2+r \zj) 1 while (2.5) implies 
that p{zj) < inf'ceA, p{ 0- Thus 




p(z ^ 


j) J Dj 


\K\ z e-*\ 2 dA (w G D r ( Zj ), j > 1), 


where Dj := D r ( 2+r \zj), and therefore we get the pointwise estimate 

OO « 

(6.8) p.{z) < y^ t V>r{zj) I \K 2>z e^\ 2 dA (z e C). 

i=i Jd s 

If 0 < p < 1 then (6.8) implies that 

(6.9) 
where 


p(z) p da(z) <^2fi r (zj) p I P A z j), 

3 =1 


V(0 := 



\K 2tZ e~^\ 2 dAj da{z) (( 6 C). 


/C VJD r ( 2 + r )(C) 

On the other hand, if 1 < p < oo and q is the conjugate exponent of p, then (6.8) 
and Holder’s inequality show that 


( OO n \ / OO n 

'Em^yJ d i^ _<, i 2 ^)(E J D \ K - 


2,«e-*| 2 d A 


< 

rs_/ 


N r (2+r) ({ z j}j>l) P 1 5^//r(Zj) P / |^2, 2 e *| 2 (L4. 

.,=1 Jd 3 

By integrating the preceding estimate and applying Lemma 6.6 we get 


( 6 . 10 ) 


p{z) p d a{z) < N r {{z j } j > 1 ) p 1 J2M z jY ArAj)- 
: j =i 


Since (6.9) holds for 0 < p < 1, while (6.10) holds for 1 < p < oo, the proof 
will be complete once we prove that sup<> eC I p , r (C) < Note that (2.8) and (2.11) 
imply the estimate 

\K 2 Aw) e ~^ w) \ ~ p(z)\K z (w)\e-+M~M < —- -7^7- 177 e C), 


p(w)exp(d0(^,w;) £ ) 


and so 


440 



dcr(u’) 


da(z) (C e C). 


/c V.V(2+D( C ) exp( d^z,u>) £ ) 

Then Lemma 6.7 shows that sup^ eC I p AC) < oo, an d the proof is finished. 


□ 
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6.3. End of the proof of Theorem 6.1 for 1 < p < oo. 

(1) =>■ (5): It directly follows from Lemma 6.5(a). 

(4) (1): Assume that fi r G L p ( C, dcr). By (6.7) we may assume that r G (0,1/2). 

Then, by Lemma 6.2, r 2 /32 < a(D r ^(z)) and jl r / 4(2) < dp r (w), for every z G C 
and w G D r/,4 (z), so 


(6.11) yUr/4 (z) 


ID r /*(z) 


(Jl r (w)) p da(w) 


1 /p 


< 


' || Lp (C, dcr) 


eC), 


and therefore Theorems 4.1 and 5.1 show that T/ is bounded on F 2 . Thus it only 
remains to prove that tr (X/') < ||/2 r ||^ p , c d ^. 

Let (e n ) n >i be an orthonormal basis of F 2 . Then (6.2) and Lemma 4.4(a) imply 
that 

(T fl e n: e n ) lt> = [ \e n (z)\ 2 e~ mz) dp(z) < I %{z) \e n {z)\ e~ 2 ^ z) dA{z). 

J C J € 

Since |e n | 2 e _2l ^dA is a probability measure on C and p > 1, Jensen’s inequality 
shows that 

(T M e n ,e n )^ < [ fi r (z) p \e n (z)\ 2 e~ 2 ^ z) dA(z). 

J c 

Finally, by summing up in the previous estimate and applying the monotone con¬ 
vergence theorem and (2.8), we conclude that 


n 

n=1 

= [ M z Y\\Kz\\lt e ~ mz) dA(z) < [ %{z) p da{z). 


6.4. End of the proof of Theorem 6.1 for 0 < p < 1. This proof is more 
involved than the one of the case 1 < p < 00. It will be done by proving the chain 
of implications (5) =>■ (1) =>■ (2). 

(5) =>• (1): Assume that Ji G L p ( C, dcr). Then, by Lemma 4.2, there is r G (0,1/2) 
such that fi r G L p ( C, da), so (6.11) holds. Therefore, by Theorem 4.1, ft is a 0-Fock- 
Carleson measure, and hence Theorem 5.1 implies that X/ is bounded on F 2 . Finally, 
the membership of X M in the Schatten class S P (F%) follows from Lemma 6.5(b). 

(1) =>■ (2): This is the most difficult part of the proof of Theorem 6.1. The following 
proposition proves this implication in a quantitative way. 

Proposition 6.12. Let p G (0,1) and let r 0 G (0,1) satisfying (2.12). Then for any 
r G (0, r 0 ) and for any integer N > 0 there is a constant C = C p/r ^ > 0 so that 

OO 

(6-12) ||T (l ||',, 

3 =1 

for every f-Fock- Carles on measure p and for every (r, 0) -lattice {zj}j> 1 such that 

N r({Zj}j> 1 ) < N- 
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The idea of the proof of Proposition 6.12 has its origins in the work of S. Semmes [18] 
and D. Luecking [10]. That result will easily deduced from two simple separation 
lemmas (Lemmas 6.8 and 6.9) and the following key lemma. 


Lemma 6.13. Let p G (0,1) and let r 0 G (0,1) satisfying (2.12). Then for every 
r G (0,r 0 ) and for every integer N > 0 there are constants C = C(p,r, N) > 0 and 
R = R(p , r, N) > 1 such that 

n 

(6.13) £ Afe)' <crgi£,, 

i=i 

for every <f>-Fock-Carles on measure p and for every finite sequence {zj }f =1 in C so 
that lV r .({^}" >1 ) < N and \zj — z^\ > R min (p(zj), p(zk)), for 1 < j < k < n. 


Proof. Let r G (0, r o) and let IV be a positive integer. Let p be a 0-Fock-Carleson 
measure so that T^ G <S p (Fj). Let {zj}j =1 be a finite sequence in C such that 
7V r ({^}">i) < N and | Zj — Zk\ > R min(p(zj), p(zk)), for 1 < j < k < n. We are 
going to prove that there are constants C > 0 and R > 1, which only depend on p , 
r and N, so that (6.13) holds. Along this proof A< B means that A < C B, where 
C > 0 is a constant that only depends on p, r and N. 

Let us consider the measure v defined by 

dp := dp. 


Then v G M. and v < N p. ft directly follows that v is a (p- Fock-Carleson measure, 
because so is p, and we have that 0 < T u < N T M , by (6.2). Since 0 < p < 1, the 
Lowner-Heinz inequality (see [9, 5, 14]) shows that 0 < Tf < N P T^, and therefore 
l|T„||* <JV||TJ V 

Let T := S*T U S, where S is the bounded linear operator on Fj defined by (6.5). 
Namely, T is the bounded linear operator on F| given by 

(6-14) (Tf, g)^ = (T„(Sf), Sg >* (/, g G F*). 

It follows from [19, Theorem 1.6] and Lemma 6.10 that 

Note that Sej = 0, for every j > n, and so, by (6.14), we have that 

n 

ts = (/eq 2 ). 

j,k= 1 


Thus we decompose T as the sum of its “diagonal” part 

n 

Df := (/ 6 C?). 

3 =1 


and its “non-diagonal” part E := T — D. Therefore, by Rotfel’d inequality (6.1), 

(6-15) N- > Ill’ll^ > ||B|g p - ||£||S s . 
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and we are going to get a lower estimate of ||Z}||^ and an upper estimate of H-EH^ . 
By (6.2) and Lemma 4.2, we have that 

(T v K 2jZj ,K 2tZ .) <l> = [ \K 2 , Zj (w)e~^\ 2 dv(w)>Mzj), 

J c 

so the estimate of ||D||^ easily follows: 


(6.16) \\D\\% = >Y.Mzj) v - 

3 = 1 i =1 

The estimate of ||i£||^ is more involved. First, by [23, Proposition 1.29] we have 

oo n n 

iisng p < E \( Ee i’ e *u\ r = E i< t » k i«,k, m u\ p < E s l »- 


j,k=l 


j,k=l 


j,k =1 

3+k 


where 


n n, 

(6.17) S hk := V / | K 2tZj (w)K 2igk (w)\e-W*>) d p(w). 

£=1 •/D’-fo) 

We want to estimate 5yfc from above by a small constant times Y^=\ T l r{zj) p - We 
start on by applying ( 2 . 11 ) and ( 2 . 8 ) to obtain 

1 1 


\K\ z (w)\e~^ < 
and, in particular, 

\K 2 , z (w)\e-<f>W < 


p(w) exp(d^(^, w) £ ) 

1 \K2 tZ (w)e~^ w ' > \^ 


(z, w G C), 


(z, w G C). 


p(w)? exp(| d^z, w) £ ) 

Therefore 

a) ^ 1 lA^.( W )e-^)|^|A^ fc He-^)|i 

p{w) exp(|d 0 (^,M;) e + \& (j) {z k ,w) e ) 
Now we are going to prove that, for 1 < j, k, £ < n, j ^ k, we have 
(6.19) inf exp^d^Zj, w) £ + |d ^(z k ,w) £ ) > c Etr (R) —> oo, as R —> oo, 

wGD r (z() 


(6.18) < 


where c e>r (i?) > 0 is a constant which only depends on e, r and R. 

If 1 < j, k,£ < n, j 7 ^ k, then either i ^ j or i ^ k. We may assume that i j- j, 
since otherwise we may replace j by k. Then either zg G D R (zj) c C D(zj) c or 
Zj G D R (zg) c C D(zg) c , so, by (2.9) and (2.10), we have that 

d</)(zj, w) > d ^(zj, zg) - d ^(w, zg) > c^R 5 - ar, for every w G D r (zg). 

It follows that c £:T (R) := exp(|(c]“ 1 .R ' 5 — C]r) £ ) satishes (6.19). 

Then (6.18) and (6.19) show that 


( 6 . 20 ) 


I K 2jZj (w)K 2 , Zk (w)\e- 2 ^ < 


1 

K 2 , Zj {w)e ^ 

C £,r{R) 

p{w) 


K 2 , Zk (.w)e ^ w) 
p(w) 


1 

2 
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for every w E D r (zg). Recall that, by Lemma 2.2, there is a constant c > 1 so that 
(6.21) c -1 p(z ) < p(w) < cp(z), for every z E C and w E D(z). 

Then Lemma 2.4 and (6.21) imply that 


K 2 ,z(w)e 


P(w) 


< 


p( C) 2+2 j D r {w) 


\K 2 , z e-*\UA (z,(eC,wED r (()). 


Moreover, by (6.21), D r (w ) C D 2cr (zi), for every w E D r (zg ), and so 


( 6 . 22 ) 


K 2 , Zj [w)e 


p(w) 


< -~ttt tj/, (1 < j, i < n, W E D r (zg)), 


p(zt) 


2^p 


where 

Ii,C= / lAV-^-^dA 

J D 2cr ( Z () 

Therefore it follows from (6.17), (6.20), (6.21) and (6.22) that 


S it k < 


E 


°eA R ) p(z t ) 




C £ ,r(^) <=1 p(z*) 


( 4 , 4 '#AW, 


and, since 0 < p < 1, we get that 


m\% < 


n n T T 
-L v > v > i 1 P J-h. 




j,fe=l 

j¥=k 


j¥=k 

2 


< 


1 Pr(ze) p 


CeA R ) p pAe) 4 ~ p \j^ 






n « ✓ n 

Eo / (XX 




a -S *(«0 


dA(tc) 


Now 
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Moreover, (2.8), Lemma 2.4, (2.5), (2.11) and [12, Lemma 2.7] show that 


3 = 1 


U >)|2 


< 


< 


\ K w{ 

3 = 1 
n 

Em 






|tf«,(*)e“* w |* da(z) 


'U r ( 2 ,) 

A™(F)e-^ (2) |§p(F)§da(F) 


3 = 1 
n « 

s E/ 

j=l JD r ( Zj ) 

< N [ \K w {z)e-^ z) \*p{z)*&<j{z) 


< N 


Jc 

e f<M» 


dcr(z) 


pH 2 ,/c exp(| d^,(z, w) £ ) 


< IV 


e 2 s 


dcr(z) 


p(w)2 Jc exp(d^(^,M;)2) ~ p(w) 


< IV 


e 2 s 


It follows, by (2.5), that 

n r> 

Etuw/ 

Jc 

and so 

K(zi) p 


dA(w) 

lD^(g t ) p( w )* 


< 


Np(zf) 


2-1 


(6.23) 


iiAir < 

11 ll5 * ~ c e ,(RY tr M^) 4 - p Vfe 


\ ^ Pr\^iy / y" r 
2_-/ nf rA4-p l ■ 


44 I Z 


AT 2 


C e ,r(R) P 




£=1 


Hence (6.15), (6.16) and (6.23) show that there are constants C'i, 6b > 0 which only 
depend on p and r and satisfy 


n / 

C 1 !- 


C 2 fV 2 ' - 1 


£=1 


V Ce,r(-R) 


\\T t 


Mil S„ 


Since c £ , r (R) —* cx), as A —* oo, it is clear that there is A = A(p, r, IV) > 1 such that 
C = 2N P /Ci satisfies (6.13), and the proof is complete. □ 


Proof of Proposition 6.12. Let r 6 (0, r 0 ) and let N be a positive integer. Let p be a 
</>-Fock-Carleson measure and let {Zj}j >i be an (r, 0)-lattice such that N r {{zj} 3 >\) < 
IV. Fix a positive integer n. We want to prove that 

n 

J 2 M^r < c \\tx S p , 

3 =1 

for some constant C > 0 only depending on p, r and IV. By Lemmas 6.8 and 6.9, 
for every R > 1, the finite sequence {zj}f =1 can be partitioned into no more than 
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6 2 R A r 2 N subsequences such that any different points z 3 and Zk in the same subse¬ 
quence satisfy \z 3 — Zk\ > Rmi\\(p(z 3 ), p{zk))■ Therefore Lemma 6.13 shows that 

n 

Y. Afe)” < 6 2 R“r- 2 NC \\TXs,, 

3 =1 

for constants C > 0 and R > 1 only depending on p, r and N. Hence the proof is 
finished. □ 
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